corresponds to the fact that the identity map id : X -X' is a null-system: it comes from the identification of K 2 with its dual space via the, up to a scalar factor canonical, symplectic form on K 2 In the present work we will show that the correct generalization of the projective line in the category of generalized projective geometries (cf. Chapter 1 for the basic notions) is given by spaces corresponding to unital Jordan algebras (Theorem 4.1). More (1) (X, X') has a (unique) central null-system, (2) (X, X') has inner polarities, (3) the Jordan pair associated to a base point (o, o') in (X, X') has invertible elements (i.e., it comes from a unital Jordan algebra).
Let us illustrate the properties (1) -(3) by the important example of the Grassmannian geometry (X, X') : X = is the Grassmannian variety of p-spaces in OCp+q, and X' -is its dual space. There exist always correlations, i.e., isomorphisms mapping X onto X', given by non-degenerate forms. But the case p = q is very special for in this case we really have equality X = X', and this identification has all formal aspects of a correlation, although it is not given by a form (unless p = 1, in which case it is given by a symplectic form on JI (2) . Geometrically, the identification n = id: X -X' behaves like a null-system: every point x E X is isotropic in the sense that x and n(x) are incident. Moreover, the identification n : X -X' is canonical or central in the sense that it commutes with the action of the relevant symmetry group P Gl(p + q, K). Thus, if p = q, the Grassmannian geometry (X, X') admits a central null-system, and it is easily seen The link between the properties (1) and (3) is property (2) which has both geometric and algebraic aspects. In the example of Grassmannian geometry (X, X'), it corresponds to the midpoint map: fix two points
x, y E X and assume that x and y are complementary subspaces of the qdimensional subspace a; then, since a defines a structure of affine space on the space of complements of a, there is a well-defined midpoint Mx,y (a) E X of x and y with respect to this affine structure. The "midpoint map"
is defined on a Zariski-dense part E of X'. It is quite easy to find an explicit formula for the map (cf. Formula (2.14) in Section 2.7). If Mx,y extends to a bijection from X' onto X, then it has all formal aspects of a polarity which therefore is called an inner polarity. In general, however, Mx,y will not extend to a bijection; in fact, the explicit formula shows that inner polarities exist if and only if p = q. For instance, in case of ordinary projective geometry (p = 1), the midpoint of x and y for always lies on the unique projective line spanned by x and y, and thus the image of Mx,y is one-dimensional and hence Mx,y cannot extend to a bijection of X' onto X -unless q = 1; this is the case of the projective line in which Mx,y is equivalent to the polarity given by the symmetric form of signature ( l,1 ) . In case p -q &#x3E; 1, the inner polarities are not given by forms; in terms of algebraic geometry, they are non-standard automorphisms of the Grassmannians.
Among other examples we would like to mention Lagrangian geometries where X is the space of Lagrangian subspaces of some bi-or sesquilinear form: for the Hermitian form of signature (2, 2) on C4, the corresponding Jordan algebra is the Jordan algebra Herm(2, C) of complex Hermitian 2 x 2-matrices which is nothing but the Minkowski space of special relativity; as explained in [BeOO] , our Lagrangian geometry X may in this case be seen as the "causal compactification" of our physical space-time; it admits a central null-system. Similarly, in infinite dimension, the geometry associated to the Jordan algebra Herm An absolute identification is a pair of maps n : X -X', n' : X' -X such that n and n' are bijections which are inverse to each other and such that n commutes with the automorphism group in the sense that A central correlation (resp. central null-system) is a correlation (resp. a null-system) which is an absolute identification, i.e., which commutes with all automorphisms. A central null-geometry is a generalized projective geometry (X, X' ) together with a central null system (n, n' ) . We can rewrite (A) by letting all maps act on X x X': given n : X ~ X', n' : X' -X and an automorphism (g, g'), we let g = g x g' : X x X' --4 X x X' and then (A) is equivalent to the condition n o g = g o n.
1.5. Inner correlations, inner polar geometries.
We let r = 2 and consider, for any pair (x, y) E X x X the "midpoint map"
In fact, the geometric interpretation of Mx,y (a) as the midpoint of x and y in the affinization a holds only for x, y E Va, i.e., for a E V; n We fix an affinization o' E X and let V = E, C X. The first order infinity set of o' is the set (in case of ordinary projective geometry this is the "hyperplane at infinity" ). The In this chapter we assume that n : X -X', n' : X' -X is an absolute identification of the generalized projective geometry (X, X') (cf. Section 1.4). If r is invertible in K and (x, a) E M, then by (PG1), (9, g) (rx,a, ra, -1) is an automorphism of (X, X'), and we can apply the relation (A) from 1. 4 Let us assume that the geometry (X, X') is connected and admits no big orbits at first order infinity. Then central correlations (n, n' ) are necessarily unique: in fact, via composition with (n, n'), central correlations correspond to elements of the center Z = Z(Aut(X, X' ) ) of the automorphism group. Let (z, z' ) E Z, fix o' E X' and let V = Vo,. Then z (V ) -Tv z (o) is a big orbit of Tv, and therefore by assumption V n z(V) # 0. (1) (X, X' ) has a central null-system. (2) (X, X') has inner polarities. (3) A dual translation group Tv' has a big orbit in X. (4) The Jordan pair associated to a base point (o, o') in (X, X') has invertible elements (i.e., it comes from a unital Jordan algebra). [Lo75] , 1.5) to be the center of the multiplication algebra of (V, V') which is the subalgebra of EndK(V (D V') generated by all inner operators T(x, y), T'(x, y), Q(x), Q'(y) together with the projections onto V and V' (cf. [Lo75] , 2.4). By definition, the centroid is a commutative and associative algebra, and its elements are of the form (z, z'), z : V -V, z' : V' ~ V' such that T and T' are "trilinear with respect to z, z'" . Thus our Jordan pair can be defined over the centroid Z, and therefore it is possible to consider the corresponding connected generalized projective geometry (X, X') to be defined over K := Z.
In this situation we can define semi-linear automorphisms of the geometry (X, X'): Let T be an automorphism of K; then cp') is called a T-con j ugate or semi linear homomorphism if it is remoteness preserving and satisfies the identity together with its dual identity.
THEOREM 5.5 (von Staudt's theorem).
Assume (X, X') is a connected geometry over K, let k c K be the subring generated by the element -1 E K and let K = Z = Z(V, V') be the centroid of one (and hence of all) of the Jordan pairs corresponding to (X, X'). and write Q = In this picture, the polarity is just multiplication by -1 in V = (Vo,, o), and the base point is then written (x, ~) _ (e, -e) with e E Q. As before, the Jordan inverse of the associated Jordan algebra is the canonical null-system and we use the polarity Me,_e in order to identify X and X'. Therefore the Jordan inverse now describes the polarity Me,-e which is nothing but the symmetry 7e with respect to the point e E Q.
In this picture, the polarity p = Mo,o, is simply multiplication by -1 in V -(Vo,, o).
Cleary, any automorphism cp of (X, X') with a, cp(y) 
